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Abstract

Optimal policy design often depends on how society should tradeoff
efficiency and inequality. The standard approach to this problem is to
evoke the impartial observer ideal, which relates inequality aversion to
risk aversion by treating inequality as an outcome of a lottery at birth.
However, in the presence of heterogeneous attitudes towards risk, it is
unclear whose risk preferences should be used. This paper establishes
a procedure for incorporating heterogeneity in risk preferences into
social welfare analysis, based on the same axiomatic foundations nec-
essary for justifying the impartial observer approach. I illustrate this
procedure by revisiting the welfare costs of inequality, and find that
heterogeneity in risk preferences has only minor quantitative effects.
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1 Introduction

Economic policy debates often boil down to questions of distributive justice:

how should society tradeoff economic efficiency and inequality? Given that

taxation tends to be distortionary, redistributive policies targeted at reduc-

ing inequality often come at the cost of economic efficiency. The optimal

amount of redistribution therefore depends on how society should evaluate

this tradeoff.

The standard approach to this question, which is embodied in various

impartial observer theorems (Harsanyi [1955], Vickrey [1960], Rawls [1974],

and Grant et al. [2010]), is to view inequality as an outcome of a “birth

lottery” in which each individual was given the same chance of obtaining

each allocation. The optimal tradeoff between efficiency and inequality is

then implied by the degree of risk aversion, which is assumed to be identical

across individuals. The assumption of homogeneous risk preferences is crucial

because it guarantees that, while certain outcomes of birth lotteries may favor

some individuals over others, all individuals can agree ex-ante on the optimal

policies.

Unfortunately, this crucial assumption is at odds with empirical evi-

dence.1 Moreover, because redistributive policy provides some insurance

against future income shocks (see, for example, Varian [1980]), at least part

of the disagreement about the optimal amount of redistribution stems from

1See, for example, Andersen et al. [2008], Kimball et al. [2008] or Bombardini and
Trebbi [2012]).
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heterogeneous attitudes towards risk, generating heterogeneity in the will-

ingness to pay for this insurance. Ignoring heterogeneity in risk preferences

therefore overlooks an important aspect of the policy debate.

This paper uses the axiomatic foundations of the impartial observer ap-

proach to establish a procedure for incorporating heterogeneity in risk prefer-

ences into standard social welfare analysis. Intuitively, the “birth lottery” is

a useful hypothetical construct because it evokes empathy that reduces dis-

agreement among individuals. By evaluating the birth lottery rather than its

outcome, individuals put themselves in each-others’ shoes, and incorporate

each-others’ perspectives. Any disagreement that remains can be diminished

further by repeated applications of the impartial observer ideal.

To illustrate, consider a simple economy with two individuals, and a sin-

gle good which is allocated in its entirety to one of them. The impartial

observer approach is to ask both individuals to evaluate this distribution as

an outcome of a birth lottery in which they were each given a 50% chance of

obtaining the good. If the individuals have the same risk preferences, they

will assign the same certainty equivalent to this lottery.

However, even if they have different risk preferences, under minimal as-

sumptions, both certainty equivalents will lie somewhere between 1 and 0 –

the best- and worst-case scenarios of the birth lottery. The distribution of

certainty equivalents will therefore be less dispersed than the distribution of

the original allocation. To set ideas, assume that one individual’s certainty

equivalent of the birth lottery is 1/4, while the other’s is 1/3.

3



This distribution of certainty equivalents can then be evaluated as an

outcome of a new birth lottery which assigns a 50% probability to obtaining

1/4 of the good and a 50% probability to obtaining 1/3 of the good. The

certainty equivalents of this new birth lottery will be less dispersed still, as

they will both lie somewhere in the interval (1/4, 1/3). Repeated applica-

tions of the impartial observer approach result in convergence to a common

certainty equivalent, mimicking the case of identical risk preferences.

Importantly, the social preference relation generated from this iterative

procedure can be derived from the same axiomatic foundations of the im-

partial observer approach. In both cases, social preferences are assumed to

comply with two axioms: reducibility, which implies indifference between a

birth lottery and each of its outcomes, and the Pareto principle, which implies

indifference between a given birth lottery and the deterministic allocation of

its certainty equivalents. The procedure outlined above can be justified by

repeated, alternating applications of these two principles.

Using this procedure, I revisit the calculations of the welfare costs of

consumption inequality in Jones and Klenow [2016]. I find that taking into

account realistic heterogeneity in risk preferences has only small effects on

the welfare calculations, if at all. Interestingly, this result is not due to

lack of dispersion in risk preferences, but rather to the location of the mean

level of risk aversion. A useful result is that, when individuals have constant

relative risk aversion (CRRA) with normally distributed parameters centered

around 1 (log utility), the social preferences over lognormal distributions
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are locally unaffected by the dispersion in risk preferences. Consequently,

as estimates of the average CRRA parameter tend to fall around 1, even

substantial dispersion in risk preferences tends to have only minor effects on

the calculations of the welfare costs of inequality.

While the natural application of this approach is to the question of the

welfare costs of inequality and the optimal design of social insurance pro-

grams, there are many other applications as well. Optimal policy design

often depends on social attitudes towards risk (see, for example, Chari et al.

[1994] in the context of cyclical macro policy, or Cai and Lontzek [2015]

in the context of climate change). Whenever this is the case, different risk

preferences generate different policy preferences. The method developed in

this paper can be used more broadly for incorporating heterogeneity in risk

preferences into social welfare analysis and optimal policy design.

This paper is related to the social choice literature on the impartial ob-

server ideal. The impartial observer approach features two variants, which

differ in their interpretation of “birth lotteries”. In Harsanyi [1955], birth lot-

teries jointly determine the allocation of physical goods and of “identities”.

When evaluating birth lotteries, individuals need to imagine being born as

somebody else and inheriting both their allocation of goods and their prefer-

ences – including their risk preferences.2 As pointed out by Pattanaik [1968]

2Karni and Weymark [1998] illustrate that Harsanyi’s impartial observer theorem can
be derived under the assumption that the impartial observer’s preferences are defined only
over lotteries in which there is an equal chance of being each individual in society, rather
than an arbitrary probability distribution over the set of identities.
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and Grant et al. [2010], heterogeneity in risk preferences presents a challenge

because it is not clear whose risk preferences should be used for evaluating

birth lotteries. The second variant of the impartial observer approach, which

is featured in Vickrey [1960] and in Rawls [1974], views “birth lotteries”

simply as lotteries over goods. In this case, preferences over birth lotteries

correspond to observable risk preferences; different risk preferences therefore

imply different social welfare relations.

The use of certainty equivalents in the construction of a social prefer-

ence relation is related to Segal [1990] and Bénabou [2002]. The Reduction

of Compound Lotteries axiom in Segal [1990] requires indifference between

a two-stage lottery, and a single-stage lottery in which each second-stage

lottery is replaced by its certainty equivalent. Here, indifference between a

birth lottery and the deterministic distribution of its certainty equivalents is

a consequence of the Pareto principle. Bénabou [2002] uses certainty equiv-

alents to construct an efficiency measure that takes into account the role of

redistributive policy in providing social insurance. In doing so, he is able

to separate the efficiency gains from social insurance from the ethical de-

sirability of a more equal distribution (a similar idea appears also in Grant

et al. [2010]). This is a departure from the impartial observer approach,

which relates inequality aversion to risk aversion. In this paper, the purpose

of aggregating certainty equivalents is not to separate redistributive motives

from social insurance motives, but rather to incorporate heterogeneity in risk

preferences in standard social welfare analysis.

6



2 Setup

There are I ∈ N individuals, indexed i = 1, ..., I. There is a set of individual

allocations, Y ⊆ R, which may be given different interpretations: in Harsanyi

[1955], Y represents some interpersonally-comparable utility levels.3 In Rawls

[1974], Y represents some index of primary goods.

The set of individual allocation vectors is given by Y I , and its elements

are denoted y = (y1, ..., yI) ∈ Y I , where yi is the allocation assigned to

individual i.

The birth lottery corresponding to y ∈ Y I is denoted Π(y), and is defined

as the equiprobable lottery among all vectors of the form (yπ(1), ..., yπ(I)),

where π : {1, .., I} 7→ {1, .., I} is a permutation. The birth lottery gives each

individual an equal chance of obtaining each individual allocation. The set

of all birth lotteries is denoted Π(Y I) = {Π(y)|y ∈ Y I}.

The set of ex-post birth-lottery outcomes is denoted EP (Π(Y I)). The

set EP (Π(Y I)) is isomorphic to the set Y I ; an element y ∈ EP (Π(Y I)) is

interpreted as a vector of individual allocations, y ∈ Y I , which has been

realized as an outcome of the birth lottery Π(y).

Both individual and social preferences are defined as complete rankings

on a set of social states, X, which includes both birth lotteries and their

outcomes: Π(Y I), EP (Π(Y I)) ⊆ X. Generic elements of X are denoted x ∈

X. Individual and social preferences are denoted {�i}Ii=1 and �, respectively.

3See Argenziano and Gilboa [2017] for a recent paper on the construction of
interpersonally-comparable utility.
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It is useful to introduce the following notation for the standard Pareto

ranking: for two elements x, x′ ∈ X, the notation x
Pareto

≺ x′ implies that x ≺i x′

for all i. Similarly, the notation x
Pareto∼ x′ implies that x ∼i x′ for all i. The

notation x
Pareto

� x′ implies that either x
Pareto

≺ x′ or x
Pareto∼ x′. For a subset of social

states X ′ ⊆ X, it is said that X ′ is Pareto-ranked if the ranking
Pareto

� is complete

on X ′ (any two elements of X ′ can be Pareto-ranked).4

The social choice literature features different variants of the impartial

observer theorem, aimed at justifying the use of different social welfare func-

tions. The different social welfare functions are often derived based on differ-

ent assumptions about individual preferences; for example, Harsanyi [1955]

and Vickrey [1960] assume that individuals are expected utility maximizers,

while Rawls [1974] assumes that individuals have maximin risk preferences

over birth lotteries.

In what follows, I present two assumptions regarding individual prefer-

ences, which are common to the different variants of the impartial observer

theorem. The first assumption is as follows.

Assumption 1. Individual preferences can be represented by utility functions

{Vi : X 7→ Y }Ii=1 such that, for each y = (y1, ..., yI) ∈ EP (Y I), it holds that

Vi(y) = yi.

The existence of utility functions with images contained in Y implies

4This notion of Pareto ranking requires complete unanimity. For example, if x ≺1 x
′

but x ∼i x′ for all i > 1, then it is not true that x
Pareto
≺ x′ or that x

Pareto∼ x′, and hence it is not

true that x
Pareto

� x′. According to this definition, the Pareto ranking requires all individuals
to have the same ranking of every two elements.
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that individual utilities can be measured in terms of “Y -equivalents”. For

example, if Y is consumption and X is a set of lotteries, then Vi is a mapping

between lotteries and their individual certainty equivalents. In this example,

as y ∈ EP (Π(Y I)) is a deterministic state in which individual i receives yi,

its certainty equivalent is given simply by Vi(y) = yi.
56

The second assumption about individual preferences concerns the rela-

tionship between preferences over birth lotteries (Π(Y I)) and preferences

over their outcomes (EP (Π(Y I))). To state this assumption, it is useful

to introduce the following notation: for each y = (y1, .., .yI) ∈ Y I , define

the elements y(1) ≤ ... ≤ y(I) as the ordered elements {yi}Ii=1 (for example,

y(1) = min{yi}Ii=1 and y(I) = max{yi}Ii=1). The set Q ⊂ Y I is defined as the

set of ordered vectors, Q = {(y1, ..., yI) ∈ Y I |yi ≤ yi+1 for all 1 ≤ i < I}.

Assumption 2. There exist continuous functions {Ui : Q 7→ Y }Ii=1 such

that Vi(Π(y)) = Ui(y(1), ...,y(I)), and Ui satisfies the following:

5Harsanyi [1955] assumes that individuals have expected utility preferences over some
set of social states, X ′, which are represented by the von Neumann-Morgenstern util-
ity functions ui : X ′ 7→ R. To map this setup into the current framework, the set
of individual outcomes can be defined as the convex hull of the set of utility levels:
Y = Conv(∪Ii=1ui(X

′)). The set of social states can then be expanded to include Π(Y I)
and EP (Π(Y I)): X = X ′ ∪Π(Y I)∪EP (Π(Y I)). In this case, the utility functions Vi are
defined so that, for every x′ ∈ X ′, it holds that Vi(x

′) = ui(x
′) ∈ Y . Expanding the defini-

tion of Vi on Π(Y I) and EP (Π(Y I)) is straightforward: an element y ∈ EP (Π(Y I)) repre-
sents a state in which the utility of individual i is yi; thus, Vi(y) = yi. For Π(y) ∈ Π(Y I),

Harsanyi assumes the expected utility form Vi(Π(y)) =
∑I
i′=1 yi′/I.

6Assumption 1 requires that, when evaluating outcomes of birth lotteries, each indi-
vidual cares only about his own individual allocation, and not about the entire distribution
of individual allocations. This does not necessarily mean that individual preferences are
self-regarding; for example, in Harsanyi [1955], the set Y represents some notion of hap-
piness or interpersonally-comparable utility, which may depend on the entire distribution
of goods in the economy.
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1. For every y ∈ Y , Ui(y, ..., y) = y.

2. Ui is weakly increasing in all arguments.

3. Ui is strictly increasing in the first argument (y(1)).

The first clause of the assumption states that individuals should be in-

different between a degenerate lottery and its unique outcome. The second

clause requires individual preferences over birth lotteries to be consistent

with the stochastic dominance relation. The final clause requires individuals

to be sensitive to the worst-case scenario of a birth lottery.

It is useful to define the aggregate birth-lottery outcome equivalent as the

function e : X 7→ EP (Π(Y I)), which maps each social state x to the vector

(V1(x), ..., VI(x)) ∈ EP (Π(Y I)): e(x) = (V1(x), ..., VI(x)). By Assumption 1,

each individual is indifferent between x and e(x), and hence x
Pareto∼ e(x).7

3 Impartial observer theorems

The impartial observer approach can be derived based on two assumptions

about social preferences.

The first is that birth lotteries are reducible, in the sense that society is

indifferent between a birth lottery and each of its outcomes. The following

definition formalizes this notion of reducibility:

7To see this, note that Vi(e(x)) = Vi((V1(x), ..., VI(x))), and, as (V1(x), ..., VI(x)) ∈
EP (Y I), by Assumption 1 it follows that Vi(e(x)) = Vi((V1(x), ..., VI(x))) = Vi(x). Since
Vi represents the preferences of individual i, it follows that e(x) ∼i x for every i; thus,

e(x)
Pareto∼ x.
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Definition. Social preferences are said to be reducible if, for every y ∈

EP (Π(Y I)), it holds that y ∼ Π(y).

Reducibility combines an assumption about symmetry with a weak as-

sumption about consequentialism. Note that, for every permutation π, Π(y) =

Π(yπ(1), ..., yπ(I)); thus, reducibility implies that y ∼ (yπ(1), ..., yπ(I)). This is

a symmetry requirement, stating that society should be indifferent between

any two outcomes of a birth lottery. Such symmetry requirements are com-

mon in foundations of different social welfare functions, including ones that

do not rely on the idea of an impartial observer (see, for example, Segal [2000]

and Piacquadio [2017]).

In addition, reducibility implies a weak form of consequentialism: given

an outcome of a birth lottery, society should be indifferent regarding whether

or not to reshuffle allocations by running the same birth lottery for a second

11



time.8.9

The second assumption is that social preferences are consistent with the

Pareto condition:

Definition. Social preferences are said to satisfy the Pareto condition if, for

every x, x′ ∈ X, if x
Pareto

≺ x′ then x ≺ x′ and (2) if x
Pareto∼ x′ then x ∼ x′.

The Pareto condition is almost universally assumed in social welfare anal-

ysis: if all individuals prefer one social state over another, society should

8Importantly, this restriction applies only to allocations that are already outcomes of
a birth lottery; it is not required, for example, that society should be indifferent between a
deterministic allocation and a birth lottery that may result in the same ex-post allocation.
To illustrate, it is useful to think of X as consisting both of a set of lotteries, L, and their
ex-post outcomes, EP (L). Elements of L are of the form l = (o1, p1; ...; on, pn), where
os ∈ O is an outcome and ps is the probability of that outcome realizing. The set of ex-post
outcomes, EP (L), is a subset of the product set O×L; an element (o, l) ∈ EP (L) indicates
an outcome o that has been realized as a result of the lottery l. Note that Π(Y I) ⊆ L and
EP (Π(Y I)) ⊆ EP (L). While EP (Π(Y I)) is isomorphic to Y I , using the more general
notation, its elements are of the form (y,Π(y)) ∈ O × L (where y ∈ Y I). Reducibility
requires that Π(y) ∼ (y,Π(y)); however, it does not require that (y,Π(y)) ∼ (y, l) for
every l ∈ L. In this context, it is useful to comment on the relationship between the
concept of reducibility presented here, and the reduction of compound lotteries in Segal
[1990]. Preferences are said to satisfy the reduction of compound lotteries axiom if they
are indifferent between a two-stage lottery and a single-stage lottery that assigns the
same probabilities to each final outcome. In this sense, it requires preferences to “forget”
information about how the probability distribution of final outcomes are generated. In
contrast, reducibility is a property that requires some memory: the indifference between
a birth lottery and each of its outcomes is a sensible property of social preferences that
recognize the ex-post allocation as an outcome of an ex-ante fair lottery. Thus, this
requirement does not rule out a social preference for ex-ante fairness or quasi-concavity
(as emphasized by Diamond [1967], Ben-Porath et al. [1997], Epstein and Segal [1992],
Grant et al. [2010] and Chew and Sagi [2012])

9In Harsanyi [1955], Rawls [1974] and Vickrey [1960], social preferences are assumed
to be fully characterized by individual preferences over birth lotteries, which, in turn,
are assumed to be fully consequentialist. This assumption guarantees the reducibility
property, but rules out a preference for ex-ante fairness. It may be interesting to point out
that this is not a necessary feature of the logic behind the impartial observer theorems (as
also illustrated by Grant et al. [2010]).
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prefer it as well. In addition, if all individuals are indifferent between two

social states, society should be indifferent between them as well.

The following theorem, which relies on an assumption that all individuals

have the same preferences towards birth lotteries, captures the common logic

behind the various impartial observer theorems explored by the literature.

Theorem 1. Assume that individual preferences satisfy Assumptions 1 and

2, and that the set of birth lotteries, Π(Y I), is Pareto-ranked. Then, social

preferences can be represented by the composition Π ◦ e : X 7→ Π(Y I) if and

only if they are reducible and satisfy the Pareto condition.10

The proof of this theorem, together with other omitted proofs, is in the

appendix. It is also illustrated by figure 1 A. When individuals have the

same risk preferences, they can agree on the certainty equivalents of different

birth lotteries. The social preference ranking corresponds to the ranking of

the certainty equivalents.

4 Heterogeneous risk preferences

This section establishes the main result of the paper: with no additional

assumptions, it is possible to use the same reasoning behind Theorem 1

10Note that Π(Y I) is ordered with the
Pareto

� ranking. By definition, social preferences are

represented by Π ◦ e if, for every x, x′ ∈ X, it holds that x � x′ i and only if Π(e(x))
Pareto

�
Π(e(x′)).
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to characterize a procedure for conducting social welfare analysis in envi-

ronments in which individuals have heterogeneous preferences towards birth

lotteries.

The procedure uses the following construction (illustrated by figure 1 B).

Let e0(x) = e(x) be the aggregate birth-lottery outcome equivalent of x;

e0(x) = y0 ∈ EP (Π(Y I)). Recall that, by construction of e, x
Pareto∼ e(x) = y0.

For n ≥ 1, define the function en : X 7→ EP (Π(Y )) as en(x) = e(Π(en−1(x))).

For example, in Figure 1 B, e1(x) is some y1 ∈ EP (Π(Y )), such that y1
i is

individual i’s certainty equivalent of the birth lottery Π(y0).

The lottery Π(y1) assigns equal probabilities to each certainty equivalent

of Π(y0). This lottery’s certainty equivalents are represented by the social

state e2(x) = y2 ∈ EP (Π(Y I)), where y2
i is individual i’s certainty equivalent

of the lottery Π(y1).

By construction, for every n, Π(yn−1)
Pareto∼ yn. Thus, if social preferences

are consistent with the Pareto condition, then society should be indifferent

between the lottery Π(yn−1) and the deterministic distribution of its certainty

equivalents, yn. In addition, if social preferences are reducible, then yn ∼

Π(yn): society is indifferent between the birth lottery Π(yn), and its outcome,

yn. It follows that, for every n, x ∼ y0 ∼ Π(y0) ∼ .... ∼ Π(yn−1) ∼ yn.

Theorem 2. Assume that individual preferences satisfy Assumptions 1 and

2.

1. There exists a function w : X 7→ Y such that limn→∞ Vi(en(x)) = w(x)

for every i.
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Figure 1: Impartial Observer Theorems

A. Homogeneous Risk Preferences B. Heterogeneous Risk Preferences
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Notes: The axes represent two equiprobable states. The curves IC1 and IC2 are the indifference

curves of individuals 1 and 2. In figure A, the two individuals have the same risk preferences. The
vector of individual allocations is y = (y1, y2), which is an outcome of the birth lottery, Π(y).

Reducibility implies that y ∼ Π(y). Given that both individuals have the same preferences over

birth lotteries, outcomes can be ranked based on the unanimous ranking of Π(y). In figure B, risk
preferences are heterogeneous. The initial allocation is y0 = (y01 , y

0
2), which is an outcome of the

birth lottery, Π(y0) (in this case, e0(y0) = y0). The outcome e1(y0) = y1 = (y11 , y
1
2) is defined as

the unique birth-lottery outcome, such that all individuals are indifferent between y1 and the birth
lottery Π(y0). While, at every stage, individuals have different valuations of the birth lotteries, as

n → ∞, Π(yn) converges to a degenerate birth lottery with equal allocations, represented by the

agreement point w(y0).

2. If social preferences are reducible and consistent with the Pareto con-

dition, then, for every x, x′ ∈ X, it holds that w(x) < w(x′)⇒ x ≺ x′.

The first part of the theorem states that Vi(en(x)) converges to a unique

point for every i. I henceforth refer to this point as an agreement point. Fig-

ure 1 B illustrates this result. In contrast to figure 1 A, in which individuals

have the same risk preferences and hence assign the same certainty equivalent

to the initial birth lottery, in figure 1 B, risk preferences are heterogeneous

and certainty equivalents are different from one another. However, while still
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distinct, the certainty equivalents assigned to Π(y1) – an equiprobable lot-

tery over the certainty equivalents of Π(y0) - are closer than the elements of

y0. Repeated applications of this process converge to an agreement point,

which is given by w(y0).

The second part of the theorem establishes that, if the agreement points

associated with two social states are strictly ranked, then any reducible social

preferences that are consistent with the Pareto condition must rank the two

social states according to the ranking of their agreement points. Generally,

this requirement implies only a partial social ranking: if, for some x, x′ ∈ X,

it holds that w(x) = w(x′), it need not be the case that x ∼ x′ (though

this can be guaranteed under stronger assumptions11). Nonetheless, in many

cases the above procedure implies a strict social ranking of social states that

are not necessarily Pareto-ranked.

5 Examples

The previous section lays out a simple iterative procedure for computing

agreement points: at each iteration, compute the certainty equivalents of

the birth lottery over the certainty equivalents from the previous iteration.

By Theorem 2, this iterative procedure will converge to a common certainty

11In particular, it is possible to show that, if social preferences admit to the existence
of an equally-distributed equivalent (as in Kolm [1968], Atkinson [1970] and Fleurbaey
[2010]), then they can be represented by w. The existence of an equally-distributed equiva-
lent implies that, for every x ∈ X, there exists y ∈ Y such that x ∼ (y, .., y) ∈ EP (Π(Y I)).
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equivalent. This section presents three useful examples in which the agree-

ment points have closed form solutions.

Maximin risk preferences. Rawls [1974] argues for an egalitarian social

welfare function, which ranks social states by their least desirable individual

outcomes. His justification relies on the problematic assumption that all

individuals have maximin risk preferences with respect to birth lotteries.12

A simple yet insightful corollary of Theorem 2 is that, to justify an egali-

tarian approach, it is sufficient to assume that only one individual has max-

imin risk preferences. When this is the case, social preferences must take

a lexicographic form: first and foremost, social states should be ranked ac-

cording to their least-desirable individual outcomes. Then, only if two social

states have the same least-desirable individual outcomes, they can be ranked

according to other criteria.

Lemma 1. Assume that there exists an individual, i, with maximin risk

preferences: for every y ∈ EP (Π(Y I)), it holds that Ui(y(1), ...,y(I)) = y(1).

Let y = e(x) and y′ = e(x′) for some x, x′ ∈ X, and assume that y(1) <

y′(1). Then, if social preferences are reducible and consistent with the Pareto

condition, it holds that x ≺ x′.

While weaker than Rawls’s assumption that all individuals have max-

imin risk preferences, the assumption that there exists a single individual

12For other justifications of the egalitarian principle that do not rely on individual
risk preferences, see Gevers [1979], Donaldson and Roemer [1987] and Howe and Roemer
[1981]. See also the discussion in chapter 5 of Roemer [1996].
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with maximin risk preferences may nonetheless be viewed as extreme; for

example, such an individual would never cross a street or get into a car, as

this would entail a small risk of a traffic injury. Still, the hypothesis that

such an individual exists is more difficult to reject empirically than the easily-

refutable hypothesis that all individuals have such extreme risk preferences.

In this sense, the above lemma provides a more-plausible justification for

egalitarianism.

Linear certainty equivalents. A useful benchmark for understanding

the properties of agreement points is the case of linear certainty equiva-

lents, where the functions {Ui}Ii=1 (from Assumption 2) take the linear form

Ui(y1, .., yI) =
∑I

j=1 ai,jyj. Note that consistency with Assumption 2 requires

that
∑I

j=1 ai,j = 1 and that ai,j ≥ 0.13

While linear certainty equivalents do not arise naturally from any stan-

dard risk preferences (with the exception of risk-neutral preferences), they

can be viewed as piecewise linear approximations of indifference curves on

the set {Π(y)|y ≤ yi ≤ ȳ}, for some y, ȳ ∈ Y .14 In this sense, this setup is

quite general.

13The first clause of Assumption 2 implies that
∑I
j=1 ai,j = 1, and the second clause

implies that ai,j ≥ 0.
14A piecewise linear approximation of the indifference curves is obtained by finding

a linear function l : Q 7→ Y that minimizes the average distance
∫
S(y,ȳ)

|Vi(Π(y)) −
l(y(1), ...,y(I))|, where S(y, ȳ) = {y|y ≤ yj ≤ ȳ for all j}. Note that the mapping
y 7→ l(y(1), ...,y(I)) is piecewise linear with break points around the set of determinis-
tic allocations. For example, when I = 2, this is a piecewise linear function, that is linear
on the two sets {(y1, y2)|y1 ≤ y2}∩S(y, ȳ) and {(y1, y2)|y1 ≥ y2}∩S(y, ȳ). Under reason-
able continuity assumptions, as ȳ−y → 0, the indifference curves implied by this piecewise
linear approximations approach the indifference curves.
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The following lemma characterizes the agreement points in economies

with linear certainty equivalents.

Lemma 2. Assume that, for every i, Ui(y1, ..., yI) =
∑I

j=1 ai,jyj for some

{ai,j}Ij=1 such that
∑I

j=1 ai,j = 1 and ai,j ≥ 0. Let A denote the matrix with

entries ai,j.

1. If, for every y ∈ Q and every 1 ≤ i < I, it holds that Ui(y1, ..., yI) ≤

Ui+1(y1, ..., yI), then (w(y), ..., w(y))′ = (limn→∞A
n)y′.

2. If I = 2 and a1,1 ≤ a1,2, then w(y) = (a2,1y(1) + a1,2y(2))/(a2,1 + a2,1).

The first part of the lemma provides a general treatment of economies

in which risk preferences are ordered. In this case, a social welfare function

can be obtained by computing the limiting linear transformation limn→∞A
n.

This result is computationally useful, as welfare comparisons require only

computing the limit limn→∞A
n and applying a simple linear transformation,

rather than computing agreement points separately for each y ∈ EP (Π(Y I)).

The second part of the lemma provides a closed-form solution for the case

of I = 2. In this case, agreement points can be computed using a weighted

average of the two individual allocations, where the weights on the worst and

best individual allocations are given by a2,1/(a2,1 +a1,2) and a1,2/(a2,1 +a1,2),

respectively. Note that these weights lie between the weights assigned by the

two individuals, and are continuous functions of them.

The case of maximin preferences corresponds to a1,2 = 0. Consistent with

Lemma 1, in this case, social preferences take the maximin form, ranking
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vectors of individual allocations by their least desirable outcomes. More

generally, the weight assigned to the best outcome is increasing in the weight

assigned to it by the more risk averse individual (which is 0 in the case of

maximin risk preferences). Symmetrically, the weight assigned to the worst

outcome is increasing in the weight assigned to it by the less risk averse

individual.

Constant relative risk aversion (CRRA). The most commonly used

functional form for specifying risk preferences is CRRA. To obtain a closed-

form solution, I restrict attention to environments in which (a) there is a

continuum of individuals with normally distributed CRRA parameters, and

(b) individual allocations are lognormally distributed.

Before proceeding, it is necessary to comment on how Theorem 2 general-

izes to economies with an infinite number of individuals. Similar to standard

utilitarian preferences, it is necessary to impose additional assumptions on

the joint distribution of risk preferences and individual allocations to obtain

a social ranking (see, for example, Jonsson and Voorneveld [2018]). An online

appendix features a discussion of this issue.

Lemma 3. Assume that there is a continuum of individuals indexed i ∈ [0, 1];

that the risk preferences of individual i over lotteries with the cumulative

density functions Fy : Y 7→ [0, 1] are represented by
∫
Y
y1−γi/(1 − γi)dFy,

where γi ∼ N(µγ, σγ); and that the allocation of individual i is given by

yi ∈ Y , where ln(yi) ∼ N(µy, σy). If σγσy/2 < 1, then the agreement point is
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given by:15

w(y) = exp(µy +
2(1− µγ)

σ2
γ

∞∑
k=1

(
σyσγ

2
)2k) (1)

This lemma provides a closed form solution for the agreement points

under empirically plausible assumptions about the joint distribution of risk

preferences and individual allocations (see, for example, Battistin et al. [2009]

on the distribution of consumption and income and Andersen et al. [2008] on

the distribution of risk preferences). The following section uses this result to

comment on the welfare costs of inequality.

A useful special case is when CRRA parameters are centered around log

utility (µγ = 1). In this case, the agreement point is given simply by exp(µy),

regardless of both σγ and σy (provided that they jointly satisfy the condition

σγσy/2 < 1).

6 The welfare costs of inequality

Jones and Klenow [2016] calibrate the welfare costs of consumption inequal-

ity for several countries, under the assumption that all individual preferences

are represented by the log utility function (µγ = 1 and σγ = 0). By Lemma 3,

if µγ = 1, then their welfare analysis is robust to the inclusion of heterogene-

ity in risk preferences, as long as the dispersion in risk preferences and the

15It is straightforward to show that, when the condition σyσγ/2 < 1 is violated, there
is no agreement point: for individuals with γi < 1, ln(Vi(en(y))) converges to∞, while for
individuals with γi > 1, ln(Vi(en(y)) converges to −∞. This can be seen by the expression
for ln(Vi(en+1(y))) at the end of the proof of Lemma 3, which includes an additive term

of the form (1− γi)
∑n
k=1(σyσγ/2)2n+1

.
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dispersion in individual allocations jointly satisfy the condition σyσγ/2 < 1.16

It is therefore necessary to assess the relative magnitudes of the disper-

sion in consumption (σy) and the dispersion in risk preferences (σγ). In their

sample of countries, the standard deviation of log consumption is bounded

above by 0.87. Thus, taking this to be an upper bound for σy,
17 the condi-

tion that σyσγ/2 < 1 holds if σγ < 2/σy ≈ 2.3. Empirical estimates of σγ

tend to suggest values between 0.05 and 1.3, implying that this condition is

satisfied.18

It may also be interesting to ask how incorporating heterogeneous risk

preferences affects the welfare analysis when µγ = 2, a parameter most com-

monly used in the macro literature. If µγ > 1, then assuming homogeneous

risk preferences understates the welfare costs of inequality. However, the

bias is small: when risk preferences are homogeneous and γ = 2, eliminating

consumption inequality in the United States increases welfare (as measured

16See footnote 15.
17I interpret the standard deviation of log consumption as an upper bound on the stan-

dard deviation σy because, plausibly, some of the dispersion in consumption is attributable
to outcomes of post-birth lotteries. Even if all individuals are born with the same initial
conditions, there will be some dispersion in outcomes due to post-birth risk. Furthermore,
those with higher risk tolerance may provide some insurance to more risk-averse individ-
uals; the dispersion in ex-post consumption is therefore unlikely to be uncorrelated with
risk aversion. However, as such insurance arrangements tend to be welfare-improving, the
welfare costs of inequality are likely lower than those calculated under the assumption that
consumption and risk preferences are independently distributed.

18See Andersen et al. [2008] and Bombardini and Trebbi [2012], who use maximum
likelihood strategies to estimate a normal distribution of γi. It is, however, worth noting
that estimates of the standard variation of CRRA parameters vary widely in the literature.
For example, Kimball et al. [2008] estimate the standard deviation of CRRA parameters
to be above 6. However, these other studies do not assume a normal distribution of CRRA
preferences, and are thus not directly comparable to Andersen et al. [2008] and Bombardini
and Trebbi [2012], or to the framework here.
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by the equally-distributed equivalent of consumption) by 14.5 percentage

points.19 If one takes into account preference heterogeneity – for example,

by assuming σγ = 1, which is within the empirically-plausible range – then,

eliminating inequality increases welfare by 15.5 percentage points. Thus,

taking heterogeneity in risk preferences into account changes the welfare cal-

culations by only 1 percentage point.20

7 Conclusion

The genius behind the impartial observer construction is the observation

that, by asking all individuals put themselves in each-others’ shoes, society

is more likely to reach a consensus. Birth lotteries are hypothetical exercises

in empathy: rather than evaluating social states based only on their own

outcomes, individuals are asked to evaluate them as outcomes of lotteries in

which they were each given the same chance of obtaining each allocation. The

valuations of such birth lotteries will be less dispersed than the valuations of

the underlying original allocations.

19Using the formula for the mean of a lognormal distribution, the mean consumption
level is given by exp(µy+σ2

y/2). Eliminating consumption inequality amounts to assuming
a distribution in which each individual receives this mean level of consumption, and thus
w(y) = exp(µy + σ2

y/2), which is larger than the agreement point associated with the
unequal distribution, exp(µy). According to Jones and Klenow [2016], in the United States,
the standard deviation of log consumption is 0.54, which is what I use for calibrating σy.

20The effects of ignoring preference heterogeneity are more pronounced in countries
with greater inequality. For example, in South Africa, the standard deviation of log
consumption is 0.86. In this case, ignoring heterogeneity in risk preferences results in an
estimated welfare cost of inequality of 37%, whereas, with σγ = 1, the welfare cost is
45%. This illustrates that the bias introduced by assuming homogeneous preferences is
increasing with the dispersion of individual allocations.
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However, unless individual preferences over birth lotteries are identical,

some disagreement may remain. The standard solution in the literature

has been to impose assumptions that guarantee identical preferences over

birth lotteries. These assumptions are often implausible, and potentially

overlook important aspects of the policy debate on the optimal amount of

redistribution.

This paper advocates a different solution. Under minimal assumptions

about individual preferences, a repeated application of the impartial observer

idea results in eventual convergence to an agreement point. Intuitively, even

if individuals have different valuations of a birth lottery, the act of incorpo-

rating each other’s perspectives brings them closer to a consensus. If any

disagreement remains, the same process of can be used to further reduce it,

until a consensus is reached.

It is worth emphasizing that the assumptions necessary for justifying the

repeated application of the impartial observer ideal are no stronger than the

assumptions necessary to justify a single application of it. In this sense,

assuming identical individual preferences over birth lotteries is not only con-

ceptually problematic, but also unnecessary.
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A Proofs

Proof of Theorem 1. First, I show that if social preferences are reducible

and satisfy the Pareto condition, then they can be represented by the social

welfare function Π(e(·)). Assume that x � x′. As x
Pareto∼ e(x) and x′

Pareto∼ e(x′),
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the Pareto condition implies that e(x) ∼ x and e(x′) ∼ x′ and hence e(x) ∼

x � x′ ∼ e(x′). As Π(Y I) is Pareto ranked, it holds that either Π(e(x))
Pareto

�

Π(e(x′)) or that Π(e(x′))
Pareto

≺ Π(e(x)). Assume by way of contradiction that

Π(e(x′))
Pareto

≺ Π(e(x)). As social preferences are consistent with the Pareto

condition, it follows that Π(e(x)) ≺ Π(e(x′)). Reducibility then implies that

e(x′) ≺ e(x), in contradiction to the result that e(x) � e(x′). It thus holds

that Π(e(x))
Pareto

� Π(e(x′)).

Conversely, assume that Π(e(x))
Pareto

� Π(e(x′)). By the Pareto condition, it

follows that Π(e(x)) � Π(e(x′)). Using the assumption that social preferences

are reducible, it follows that e(x) � e(x′). Using the assumption that social

preferences satisfy the Pareto condition, as x
Pareto∼ e(x) and x′

Pareto∼ e(x′), it follows

that x ∼ e(x) and x′ ∼ e(x′); hence, x ∼ e(x) � e(x′) ∼ x′.

Second, I establish that if social preferences are represented by Π(e(·)),

then they are reducible and satisfy the Pareto condition.

To prove that such preferences are reducible, it is necessary to show that

Π(e(y))
Pareto∼ Π(e(Π(y)) (and hence, as social preferences are represented by

Π(e(·)), it follows that y ∼ Π(y)). To see this, note that, using the definition

of e and Assumption 1, it holds that e(y) = (V1(y), ..., VI(y)) = (y1, ..., yI) =

y. Thus, Π(e(y)) = Π(y), and it is left to show that Π(y)
Pareto∼ Π(e(Π(y)).

Claim 1. There exists y ∈ Y such that e(Π(y)) = (y, ...y).

Proof. Without loss of generality, assume that V1(Π(y)) = y(1) and that

VI(Π(y)) = y(I). By the second clause of Assumption 2, it holds that, for
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every i, y(1) ≤ Vi(Π(y)) ≤ y(I). Assume by way of contradiction that y(1) <

y(I). Consider the degenerate birth lottery, Π̄ which assigns all individuals

with y(I) with certainty. By the first clause of Assumption 2, it holds that

VI(Π(y)) = y(I) = VI(Π̄). As the same time, V1(Π(y)) = y(1) < y(I) =

V1(Π̄). Thus, Π(y) ∼I Π̄ while Π(y) ≺1 Π̄, in contradiction to the theorem’s

assumption that the set Π(Y I) is Pareto ranked.

Using the above claim, there exists y ∈ Y such that Π(e(Π(y))) =

Π(y, ..., y) is a degenerate lottery that assigns each individual y with certainty.

By the first clause of Assumption 2, it follows that Π(e(Π(y)))
Pareto∼ e(Π(y)).

As, by construction, e(Π(y))
Pareto∼ Π(y), it holds that Π(y)

Pareto∼ Π(e(Π(y)), con-

cluding the proof that social preferences are reducible.

To prove that social preferences are consistent with the Pareto condition,

let x, x′ ∈ X be such that x
Pareto

≺ x′. It follows that e(x)
Pareto∼ x

Pareto

≺ x′
Pareto∼ e(x′).

Denoting e(x) = y and e(x′) = y′, by Assumption 1 it follows that, for every

i, yi = Vi(e(x)) < Vi(e(x
′)) = y′i. Thus, the birth lottery Π(e(x)) = Π(y)

strictly stochastically dominates Π(e(x′)) = Π(y′); using the second and

third clauses of Assumption 2, it follows that Π(e(x))
Pareto

≺ Π(e(x)), and thus

social preferences represented by Π(e(·)) satisfy x ≺ x′. Replacing strong

preference relations with indifference signs, the same steps can be used to

establish that if x and x′ are such that x
Pareto∼ x′, then x ∼ x′.
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Proof of Theorem 2. To prove the first part of the theorem, let en(x) =

yn = (yn1 , ..., y
n
I ). Note that

yn+1
i = Vi(y

n+1) = Vi(Π(yn)) = Ui(y
n
(1), ...,y

n
(I)) (2)

the first equality follows from Assumption 1; the second equality follows

from the identity yn+1 = en+1(x)
Pareto∼ Π(yn); and the third equality follows

from Assumption 2. Using the second part of Assumption 2,

Ui(y
n
(1), ...,y

n
(1)) ≤ Ui(y

n
(1), ...,y

n
(I)) ≤ Ui(y

n
(I), ...,y

n
(I))

By the first part of Assumption 2, it holds that Ui(y
n
(1), ...,y

n
(1)) = yn(1) and

Ui(y
n
(I), ...,y

n
(I)) = yn(I). Given that, by equation 2, yn+1

i = Ui(y
n
(1), ...,y

n
(I)), it

thus follows that, for every i:

yn(1) ≤ yn+1
i ≤ yn(I) (3)

Thus, yn(1) ≤ min{yn+1
i }Ii=1 = yn+1

(1) and yn(I) ≥ max{yn+1
i }Ii=1 = yn+1

(I) .

It has thus been established that the sequence {yn(I)}∞n=0 is monotone

decreasing and bounded from below by y0
(1), and that the sequence {yn(1)}∞n=0

is monotone increasing and bounded from above by y0
(I). It follows that the

sequences converge.

Since I is finite, there exists i and a strictly increasing sequence of integers

{m(k)}∞k=1 such that y
m(k)
i = y

m(k)
(I) . Since, for a converging sequence, any
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subsequence converges to the same limit, it follows that

lim
k→∞

y
m(k)
i = lim

k→∞
y
m(k)
(I) = lim

n→∞
yn(I) (4)

By equation 2 and the second part of Assumption 2, it follows that

y
m(k)
i = Ui(y

m(k)−1
(1) , ...,y

m(k)−1
(I) ) ≤ Ui(y

m(k)−1
(1) ,y

m(k)−1
(I) , ...,y

m(k)−1
(I) ) (5)

Thus, using the assumption that Ui is continuous and combining with

equation 4,

lim
n→∞

yn(I) = lim
k→∞

y
m(k)
i ≤ lim

k→∞
Ui(y

m(k)−1
(1) ,y

m(k)−1
(I) , ...,y

m(k)−1
(I) ) = (6)

Ui( lim
k→∞

y
m(k)−1
(1) , lim

k→∞
y
m(k)−1
(I) , ..., lim

k→∞
y
m(k)−1
(I) ) =

Ui( lim
n→∞

yn(1), lim
n→∞

yn(I), ..., lim
n→∞

yn(I))

Assume by way of contradiction that limn→∞ yn(1) < limn→∞ yn(I). Using the

third part of Assumption 2 followed by the first part of Assumption 2, it

holds that

Ui( lim
n→∞

yn(1), lim
n→∞

yn(I), ..., lim
n→∞

yn(I)) < Ui( lim
n→∞

yn(I), ..., lim
n→∞

yn(I)) = lim
n→∞

yn(I)

Combining with equation 6 yields a contradiction: limn→∞ yn(I) < limn→∞ yn(I).

It thus follows that limn→∞ yn(1) ≥ limn→∞ yn(I). As yn(1) ≤ yn(I) for every n,
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it holds that limn→∞ yn(1) ≤ limn→∞ yn(I); thus, it follows that limn→∞ yn(1) =

limn→∞ yn(I).

Let w(x) = limn→∞ yn(1) = limn→∞ yn(I). As yn(1) ≤ Vi(en(x)) ≤ yn(I) for

every i, it follows that, for every i, limn→∞ Vi(en(x)) = w(x), concluding the

proof of the first part of the theorem.

To prove the second part of the theorem, it is useful to introduce the

following lemma:

Lemma 4. Assume that social preferences are reducible and satisfy the Pareto

condition. Then, for every x, x′ ∈ X and n, if en(x) ≺ en(x′), then x ≺ x′.

Proof. The lemma follows by backward induction. Let x, x′ ∈ A and n be

such that en(x) ≺ en(x′). If n = 0, then, by construction of e0, it holds that

e0(x)
Pareto∼ x and e0(x′)

Pareto∼ x′; thus, it follows that x
Pareto∼ e0(x) ≺ e0(x′)

Pareto∼ x′.

Using the Pareto principle, it follows that x ≺ x′.

Consider next the case n > 0. To show that en−1(x) ≺ en−1(x′), note that,

by construction of en, en(x) = e(Π(en−1(x)))
Pareto∼ Π(en−1(x)) and en(x′) =

e(Π(en−1(x′)))
Pareto∼ Π(en−1(x′)). Hence, by the Pareto principle, en(x) ≺ en(x′)

implies that Π(en−1(x)) ≺ Π(en−1(x′)). As social preferences are reducible,

the observation that Π(en−1(x)) ≺ Π(en−1(x′)) implies that en−1(x) ≺ en−1(x′).

Let x, x′ ∈ X be such that w(x) < w(x′). As I is finite, there exists some

n such that, for every i, it holds that Vi(en(x)) < Vi(en(x′)). Thus, by the
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Pareto condition, it holds that en(x) ≺ en(x′). Using Lemma 4, it follows

that x ≺ x′.

Proof of Lemma 1. Let e(x) = y, and, for every n, en(x) = yn. By

induction, I show that, for every n ≥ 1, it holds that Vi(en(x)) = y(1), and

that, for every i′ ∈ {1, ..., I}, Vi(en(x)) ≥ y(1). For n = 1, it must hold that

e1(x) ∼i Π(e(x)), or that Vi(e1(x)) = Vi(Π(e(x))) = Ui(y(1), ...,y(I)) = y(1).

Similarly, using the first and second parts of Assumption 2, it holds that, for

every i′ ∈ {1, ..., I}, Vi′(e1(x)) = Ui′(y(1), ...,y(I)) ≥ Ui′(y(1), ...,y(1)) = y(1).

Assume that, for some n ≥ 1, it holds that Vi(en(x)) = y(1), and that, for

every i′ ∈ {1, ..., I}, Vi′(en(x)) ≥ y(1). Note that Vi′(en(x)) = Vi′(y
n) = yni′

for every i′, and hence yni = y(1) and yni′ ≥ y(1) for every i′.

To prove that the induction hypothesis holds for n + 1, note that, for

every i′, Vi′(en+1(x)) = Vi′(Π(en(x))) = Vi′(Π(yn)) = Ui′(y
n
(1), ...,y

n
(I)) ≥ yn(1).

Using the induction hypothesis, for every i′, it holds that yni′ ≥ y(1). By

definition, for every j ∈ {1, ..., I}, there exists i′ such that yni′ = yn(j). It follows

that for every j, yn(j) ≥ y(1). In addition, using the induction hypothesis,

Vi(en(x)) = yn(1) = y(1). Thus, Vi(en+1(x)) = Ui(y
n
(1), ...,y

n
(I)) = yn(1) = y(1),

and, for every i′ ∈ {1, ..., I}, Vi′(en+1(x)) = Ui′(y
n
(1), ...,y

n
(I)) ≥ yn(1) = y(1).

To conclude the proof of the lemma, note that, by Theorem 2, w(x) =

limn→∞ Vi(en(x)) = limn→∞ y(1) = y(1). Thus, if, for some x, x′ ∈ X where

y = e(x) and y′ = e(x′) it holds that y(1) < y′(1), then, by the second part

of Theorem 2, any reducible social preferences that are consistent with the
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Pareto condition must satisfy x ≺ x′.

Proof of Lemma 2 The first part of the lemma is proved by showing that,

for every n, en(y) = (Any′)′ (where x′ is the column vector corresponding

to the transpose of x). Using [x]i to denote the i-th component of a vector

x, it holds that Vi(en(y)) = [en(y)]i = [Any′]i; to see this, note that en(y) ∈

EP (Π(Y I)), and hence the identity follows by Assumption 1. By Theorem

2, limn→∞ Vi(en(y)) = w(y) for every i, and thus limn→∞[Any]i = w(y).

I use induction to prove that, for every n, en(y) = (Any′)′. For n = 0,

en(y) = y and (A0y′)′ = (y′)′ = y. Assume that, for some n, the identity

holds. Note that [en+1(y)]i is individual i’s certainty equivalent of the lottery

that assigns equal probabilities to each of the elements {[en(y]j}Ij=1. Thus,

[en+1(y)]i = Ui([en(y)](1), ..., [en(y)](I)) =
I∑
j=1

aij[en(y)](j) =
I∑
j=1

aij[en(y)]j

Where the last equality follows from the assumption that individual certainty

equivalents are ordered. Using the induction hypothesis, [en(y)]j = [Any′)]j,

and thus

[en+1(y)]i =
I∑
j=1

aij[A
ny′)]j = [A(Any′))]i = [An+1y′]i

concluding the proof of the first part of the lemma.

The second part of the lemma follows from applying the first part of

the lemma to the case I = 2. In this case, the assumption that certainty
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equivalents are ordered is without loss of generality: if a1,1 ≥ a1,2, then the

certainty equivalent of individual 1 is always below the certainty equivalent

of individual 2, as ai,2 = 1− ai,1 and hence Ui(y1, y2) = ai,1y1 + (1− ai,1)y2 =

ai,1(y1 − y2) + y2, which is strictly decreasing in ai,1.

For the case of I = 2, it is possible to show that the limit limn→∞A
n

obtains the closed form solution21

lim
n→∞

An =
1

a1,2 + a2,1

a2,1 a1,2

a2,1 a1,2


The proof of the second part of the lemma trivially follows.

Proof of Lemma 3. The proof builds on the following claims:

Claim 2. ln(Vi(en(y))) = µn−1 +
σ2
n−1

2
(1 − γi), where: µ0 = µy, σ0 = σy,

µn = µn−1 +
σ2
n−1

2
(1− µγ) and σn =

σ2
n−1

2
σγ.

Proof. By induction. For n = 1, Vi(e1(y)) is the certainty equivalent of the

birth lottery Π(y):

Vi(e1(y))1−γi

1− γi
= Ey[

y1−γi

1− γi
] (7)

⇒ Vi(e1(y)) = [Ey[y
1−γi ]]

1
1−γi = [Ey[exp(ln(y)(1− γi))]]

1
1−γi

Since ln(y) ∼ N(µy, σy), it follows that (1 − γi) ln(y) ∼ N((1 − γi)µy, |1 −
21For a proof, see Proposition 3.9 in Nordstrom [2008].
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γi|σy). Thus, using the formula for the mean of a log normal distribution,

Ey[exp(ln(y)(1− γi))] = exp((1− γi)µy +
σ2
y

2
(1− γi)2) (8)

And thus:

[Ey[exp(ln(y)(1− γi))]]
1

1−γi = [exp((1− γi)µy +
σ2
y

2
(1− γi)2)]

1
1−γi = (9)

exp([(1− γi)µy +
σ2
y

2
(1− γi)2]

1

1− γi
) = exp(µy +

σ2
y

2
(1− γi))

It thus follows that:

ln(Vi(e1(y))) = µy +
σ2
y

2
(1− γi) (10)

As µ0 = µy and σ0 = σy, the formula holds for n = 1.

Assume that for some n, ln(Vi(en(y))) = µn−1 +
σ2
n−1

2
(1 − γi). To solve

for ln(Vi(en+1(y))), note that:

Vi(en+1(y))1−γi

1− γi
= Ej[

Vj(en(y))1−γi

1− γi
]⇒ (11)

Vi(en+1(y)) = [Ej[Vj(en(y))1−γi ]]
1

1−γi = [Ej[exp(ln(Vj(en(y)))(1− γi))]]
1

1−γi

As, by the induction hypothesis, ln(Vj(en(y))) = µn−1 +
σ2
n−1

2
(1 − γj),

it follows that ln(Vj(en(y))) ∼ N(µn−1 +
σ2
n−1

2
(1 − µγ),

σ2
n−1

2
σγ). Thus, (1 −

γi) ln(Vj(en(y))) ∼ N((1 − γi)(µn−1 +
σ2
n−1

2
(1 − µγ)), |1 − γi|

σ2
n−1

2
σγ). Using
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the formula for the mean of a lognormal distribution,

Ej[exp(ln(Vj(en(y))))(1−γi))] = exp((1−γi)(µn−1+
σ2
n−1

2
(1−µγ))+

σ4
n−1

4
σ2
γ(1− γi)2

2
)

Thus,

[Ej[exp(ln(Vj(en(y))))(1−γi))]]
1

1−γi = exp(µn−1+
σ2
n−1

2
(1−µγ)+

σ4
n−1

4
σ2
γ

2
(1−γi))

and hence

ln(Vi(en+1(y))) = (µn−1 +
σ2
n−1

2
(1−µγ))+

(
σ2
n−1

2
σγ)

2

2
(1−γi) = µn+

σ2
n

2
(1−γi)

Claim 3. σn = (σyσγ
2

)2n 2
σγ

Proof. I first show, using induction, that σn = σ2n

y (σγ
2

)
∑n−1
k=0 2k . For n = 1,

the formula implies that σ1 = σ21

y (σγ
2

)20 = σ2
y(
σγ
2

). Given that σ0 = σy, this

formula is correct based on the previous claim.

Assume that for some n, σn = σ2n

y (σγ
2

)
∑n−1
k=0 2k . To calculate σn+1, using

the previous lemma and the induction hypothesis,

σn+1 = σ2
n

σγ
2

= (σ2n

y (
σγ
2

)
∑n−1
k=0 2k)2σγ

2
= (σ2n+1

y (
σγ
2

)
∑n
k=1 2k)

σγ
2

= σ2n+1

y (
σγ
2

)
∑n
k=0 2k

It follows that, for every n, σn = σ2n

y (σγ
2

)
∑n−1
k=0 2k . To show that σn =
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(σyσγ
2

)2n 2
σγ

, note that:

n∑
k=0

2k =
n−1∑
k=0

2k + 2n and
n∑
k=0

2k = 2
n−1∑
k=0

2k + 1 (12)

Thus,
n−1∑
k=0

2k + 2n = 2
n−1∑
k=0

2k + 1⇒ 2n − 1 =
n−1∑
k=0

2k (13)

It follows that σn = σ2n

y (σγ
2

)2n−1, or σn = (σyσγ
2

)2n 2
σγ

.

Claim 4. µn = µy + (1− µγ)
∑n−1

k=0

σ2
k

2
.

Proof. By induction. For µ1, according to the above formula, µ1 = µy + (1−

µγ)
σ2
0

2
. As µ0 = µy, this formula coincides with the expression in Claim 2.

Assume that µn = µy + (1 − µγ)
∑n−1

k=0

σ2
k

2
. To show that this holds for

n+ 1, using the expression in Claim 2,

µn+1 = µn+
σ2
n

2
(1−µγ) = µy+(1−µγ)

n−1∑
k=0

σ2
k

2
+
σ2
n

2
(1−µγ) = µy+(1−µγ)

n∑
k=0

σ2
k

2

Combining the expression for ln(Vi(en(y))) with the expressions in Claims

3 and 4,

ln(Vi(en+1(y))) = µn +
σ2
n

2
(1− γi) = (µy + (1− µγ)

n−1∑
k=0

σ2
k

2
) +

σ2
n

2
(1− γi) =
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µy+(1−µγ)
n−1∑
k=0

((σyσγ
2

)2k 2
σγ

)2

2
+

((σyσγ
2

)2n 2
σγ

)2

2
(1−γi) = µy+

2(1− µγ)
σ2
γ

n−1∑
k=0

((
σyσγ

2
)2k)2

+
2

σ2
γ

((
σyσγ

2
)2n)2(1−γi) = µy+

2(1− µγ)
σ2
γ

n−1∑
k=0

(
σyσγ

2
)2k+1

+
2

σ2
γ

(
σyσγ

2
)2n+1

(1−γi) =

µy +
2

σ2
γ

((1− µγ)
n∑
k=1

(
σyσγ

2
)2k + (

σyσγ
2

)2n+1

(1− γi))

The lemma follows from the observation that, if σyσγ/2 < 1, then limn→∞(σyσγ
2

)2n =

0.
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